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In this paper we show that if 𝑀 is a complete two dimensional Riemannian manifold 

with nonnegative Gaussian curvature. Then the number of the reduced words of length ≤ 𝑠 of 

any finitely generated subgroup of 𝜋1(𝑀) has an upper bound of polynomial of order two. As 

an application of the upper bound, we show that torus with genius greater than 1 does not admit 

a nonnegative Riemannian metric. 
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1. Introduction 

A group 𝐺 is said to be finitely generated if 𝐺  has a finite set of generators. Let 

{𝑔1, …  , 𝑔𝑘} be generators of 𝐺. If 𝑔 ∈ 𝐺 and 𝑔 = ∏ 𝑔𝑘𝑖

𝑛𝑖
𝑖  is a reduced word, where 𝑛𝑖 is 

the integer and 𝑔𝑘𝑖
 ∈ {𝑔1, …  , 𝑔𝑘} . The length of a reduced word 𝑙(𝑔) is defined to be the 

minimal number ∑ |𝑛𝑖𝑖 |of all reduced word representations of 𝑔. Let 𝑛(𝑠) be the number of 

elements in the set {𝑔 ∈  𝐺: 𝑙(𝑔) ≤  𝑠}. The main theorem is the following: 

 

Main Theorem. Let 𝑀 be a complete two dimensional Riemannian manifold with nonnegative 

Gaussian curvature. Then the number of the reduced words of length ≤ 𝑠 of any finitely 

generated subgroup of 𝜋1(𝑀) has an upper bound of polynomial of degree two. 

As an application we show the following corollary: 

Corollary. Torus with genius greater than 1  does not admit a Riemannian metric with 

nonegative Gaussian curvature. 

Study the relations between curvatures and topology (fundamental groups) of a 

Riemannian manifold are important and vast subjects in differential geometry. This contrasts 

sharply with the situation in 1943, when Preissmann's dissertation 1943[12] presented all the 

global results of Riemannian geometry including new ones, with proofs, in only forty pages. 

Among others we mention the Gauss-Bonnet-Blaschke theorem, The von 

Mangoldt-Hadamard-Cartan theorem[3], Myers' theorem[10], and Synge's theorem[13]. The 

topic of curvature and topology has been for some time the most popular and highly developed 

topic in Riemannian geometry. The first to investigate relations between curvature and topology 

in general and systematic context was Heinz Hopf [6]: "The problem of determining the global 

structure of a space form from the local metric properties and the connected one of metrizing-- 

in the sense of differential geometry--a given topological space, may be worthy of interest for 

physical reasons". We mention some important theorems that related our work. A surprising 

theorem on the topology of compact, connected, manifolds of non-negative curvature was 

obtained by Gromov[5], and asserts that, in this cade, there exists a constant 𝐶(𝑛), depending 

only on the dimension 𝑛 of the manifold, such that the sum Σ𝑏𝑖, 1 ≤  𝑛 ≤  𝑛, of the Betti 

number 𝑏𝑖(over any field) is bounded above by 𝐶(𝑛). This shows that the connected sum of a 

sufficiently large number of copies of product 𝑆𝑛 × 𝑆𝑛−𝑝 , does not admit a metric of 

non-negative curvature. 
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2. Covering spaces and deck transformations 

To study fundamental group 𝜋1(𝑀) of Riemannian manifold 𝑀, We use basic facts from 

covering spaces. Two of most important theorems about covering spaces are the universal 

covering space existance for a Riemannian manifold and there is a closed relation between 

fundamental group of a manifold and deck transformations of the corresponding universal 

covering space. The goal of this section is to outline the proof that the universal covering space 

existance and there is isomorphism between fundamental group of manifold and the deck 

transformation group between the universal covering space of 𝑀. For more detail please refer 

to [8]. 

Definition 1. Let 𝜋 ∶  �̃� →  𝑀 be a continuous surjection. An open subset 𝑈 ⊂ 𝑀 is evenly 

covere by 𝑝 if its pre-image, 𝜋−1(𝑈) ∈  �̃�, is the disjoint union of open subsets �̃� of �̃� for 

which 𝜋�̃�: �̃� →  𝑈 is a homeomorphism. The continious surjection 𝜋: �̃� → 𝑀 is a covering 

map if 𝑀 has a covering {𝑈} by open subsets 𝑈 that are evenly covered by 𝜋. Then the pair 

(�̃�, 𝜋) consisting of 𝜋 and its total space �̃� is called a covering space of the base space 𝑀. 

Definition 2. Let 𝜋: �̃� → 𝑀 be a covering map. For each 𝑥 ∈ 𝑀, the pre-image 𝜋−1(𝑥) ⊆ 𝑀 

is called the fiber over 𝑋. The cardinality, 𝑁, of a fiber is called the number of sheets of the 

covering space (�̃�, 𝜋) and 𝜋 js called an 𝑁-fold covering map 

Definition 3. A continuous function �̃�: 𝑌 →  �̃� is a lifting of, 𝐹: 𝑌 → 𝑀 provided that 𝐹 =
𝜋 ∘ �̃�: 𝑌 →  �̃� →  𝑀.  

Definition 4. Suppose 𝑝: 𝐸 → 𝐵  is a covering map, with 𝑝(𝑒0) = 𝑏0 . If 𝐸  is simply 

connected, then 𝐸 is called a universal covering space of 𝐵.  

Definition 5. A space 𝐵 is said to be semilocally simply connected if for each 𝑏 ∈ 𝐵, there is 

a neighborhood 𝑈 of 𝑏 such that the homomorphism 

𝑖∗: 𝜋1(𝑈, 𝑏) →  𝜋1(𝐵, 𝑏) 

induced by inclusion is trival. 

Proposition 6. If 𝑀 is a Riemannian manifold, then it has a universal covering space. 

This is a special case of more general theorem which states the following: 

Proposition 7. Let 𝐵 be a path connected locally path connected, and semilocally simply 

connected. Let 𝑏0 ∈ 𝐵 . Given a subgroup 𝐻  of 𝜋1(𝐵, 𝑏0), there exists a covering map 

𝑝: 𝐸 → 𝐵 and a point 𝑒0 ∈  𝑝−1(𝑏_0) such that  

𝑝∗(𝜋1(𝐸, 𝑒0)) = 𝐻. 

Proposition 8. (Fundamental Theorem for Covering Spaces) Let 𝑝: �̃� → 𝑀 be a covering 

projection; let 𝑥 ∈ 𝑀 and �̃� ∈  𝑝−1(𝑥) ⊆  �̃� be selected basepoints. Then the function 

𝜇 = 𝜇(�̃�): 𝑁𝜋1(𝑀,𝑥)(𝑝∗(𝜋1(�̃�, �̃�))) →  𝐴(𝑝) 

is a surjective homomorphism with kernel 𝑝∗(𝜋1(�̃�, �̃�)) ≤  𝜋1(𝑀, 𝑥).Hence, there is the 

induced group isomorphism 
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𝜇(�̂�):
𝑁𝜋1(𝑀,𝑥) (𝑝∗ (𝜋1(�̃�, �̃�)))

𝑝∗ (𝜋1(�̃�, �̃�))
≈ 𝐴(𝑝). 

Proof. To show that 𝜇 is a homomorphism, let 𝜇([𝑓]) = Φ and 𝜇([𝑔]) = Ψ. This is, let the 

loops 𝑓 and 𝑔 at 𝑥 have lifting 𝑓and �̃� at �̃� that terminate at 𝑓(1) = Φ(�̃�) and �̃�(1) =

Ψ(�̃�). Then the lifting (𝑓 ⋅ 𝑔)~ at �̃� of the loop 𝑓 ⋅ 𝑔 equals the path product 𝑓 ⋅ (Φ ⋅ �̃�),and 

the terminal point (𝑓 ⋅  𝑔)~(1) is given by Φ(�̃�(1)) = Φ(Ψ(�̃�)). Thus, Φ ∘ Ψ is the unique 

automorphism sending �̃� to (𝑓 ⋅ 𝑔)~(1). This implies the homomorphism property: 

𝜇([𝑓]) ⋅  [𝑔]) = Φ ∘ Ψ = 𝜇([𝑓]) ∘ 𝜇([𝑔]). 

The identity element of 𝐴(𝑝) is the identity automorphism 𝐼�̃� , which sends �̃� to �̃�. So, 

[𝑓] ∈  𝐾𝑒𝑟𝜇  if and only if ⋅ [𝑓] = 𝑓(1) = �̃� ; equivalently, [𝑓] = 𝑝∗([𝑓])  belongs to 

𝑝∗(𝜋1(�̃�, �̃�)). Thus 𝐾𝑒𝑟𝜇 = 𝑝∗(𝜋1(�̃�, �̃�)). Therefore, 𝜇 induces a group isomorphism 𝜇(�̂�), 

as indicated in the statement of the theorem. 

 A covering space (�̃�, 𝑝) is normal if the conjugacy class subgroups, 

 {𝑝∗(𝜋1(�̃�, �̃�): �̃� ∈  𝑝−1 ⊆  �̃�}, 

consists of a single, hence, normal subgroup of 𝜋1(𝑀, 𝑥).This condition is independent of the 

choice of the basepoint 𝑥 ∈ 𝑀 , because any change of basepoint isomorphism 𝜔 ∶
𝜋1(𝑀, 𝑥0) → 𝜋1(𝑀, 𝑥1) carries the conjugacy class subgroups in 𝜋1(𝑀, 𝑥0) for (�̃�, 𝑝) to the 

conjugacy class of subgroups in 𝜋1(𝑀, 𝑋1) for (�̃�, 𝑝). For normal covering spaces, the 

Fundamental Theorem becomes: 

Corollary 9. If (�̃�, 𝑝) is a normal covering space of 𝑀, then 

𝜇(�̂�):
𝜋1(𝑀, 𝑥)

𝑝∗ (𝜋1(�̃�, �̃�))
≈ 𝐴(𝑝). 

 for any choice of basepoints 𝑥 ∈ 𝑀 and �̃� ∈ 𝑝−1(𝑥) ⊆  �̃�. 

  Simply connected covering spaces are normal and Corollary 9 applies: 

Corollary 10. If (�̃�, 𝑝) is a simply connected covering space of 𝑀, then 

 𝜇(�̃�): 𝜋1(𝑀, 𝑥) ≈  𝐴(𝑝) 

for any choice of basepoints 𝑥 ∈ 𝑀 and �̃� ∈  𝑝−1(𝑥) ⊆  �̃�. 

 Corollary 10 provides an amazing correspondence between the group of homotopy classes of 

loops in the base space 𝑀 and the group of automorphisms of the simply connected covering 

space (�̃�, 𝑝). The latter group of homeomorphisms of (�̃�, 𝑝) that respect the covering 

projection 𝑝: �̃� → 𝑀 is a geometric representation of the fundamental group 𝜋1(𝑀, 𝑥) 

 Let 𝜋 ∶  �̃� → 𝑀  be universal covering. We call a homeomorphism 𝜇 of �̃�  a deck 

transformation, if 𝜇 satisfies 𝜋 ∘ 𝜇 = 𝜋. Then the set of all deck transformations of 𝑀 form a 

group, which is called the deck transformation group Γ. The fundamental group 𝜋1(𝑀, 𝑝) is 
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isomorphic to Γ. In fact, let 𝑐: [0,1] → 𝑀 be loop based at 𝑝 and 𝑝 ∈  𝜋−1(𝑝). Let �̃� be a 

lift of 𝑐 emanating from 𝑝. Then a map 𝜇defined by 𝑝 →  �̃�(1) gives a deck transformation. 

Then [𝑐] ∈  𝜋1(𝑀, 𝑝) →  𝜇 gives an isomorphism. Also note that deck transformation 𝜇 acts 

isometriclly with pespect to �̃� which is a metric induced on 𝑀 ̃ by 𝜋 from (𝑀, 𝑔), because 

𝜇∗�̃� = (𝜋𝜇)∗𝑔 = 𝜋∗𝑔 = �̃�. 

3. Area 

 To compute the area of manifold, we recall some facts from the Riemannian manifolds. 

Let 𝑐𝑣 be the maximal geodesic with initial condition 𝑐𝑣(0) = 𝑚 and 𝑐′𝑣(0) = 𝑣, where 

𝑣 ∈  𝑇𝑚𝑀. The set Ω ⊂  𝑇𝑀 of vector 𝑣 such that 𝑐𝑣(1) is defined is an open subset of 𝑇𝑀 

containing the null vectors 0𝑚 ∈  𝑇𝑚𝑀 of all the fibers. 

Definition 11. The exponential map 𝑒𝑥𝑝: Ω ⊂  𝑇𝑀 →  𝑀 is defined by 𝑒𝑥𝑝(𝑣) = 𝑐𝑣(1). We 

denoted by 𝑒𝑥𝑝𝑚 its restriction to one tangent space 𝑇𝑚𝑀. 

Definition 12. A Riemannian manifold (𝑀, 𝑔) is geodesically complete if any geodesic of 𝑀 

can be extended to a geodesic defined on all 𝑅. 

Theorem 13 (Hopf-Rinow). If the manifold is geodesically complete, any two points of 𝑀 can 

be joined by a minimal geodesic. 

Let (𝑀, 𝑔) be a complete Riemannian manifold. For 𝑣 ∈  𝑇𝑚𝑀, denoted by 𝑐𝑣 the unique 

geodesic satisfying 𝑐𝑣
′ (0) = 𝑣. Let 

𝐼𝑣 = {𝜌(𝑣) ∈  𝑅: 𝑐𝑣 is minimal on [0, 𝜌(𝑣)]}, 

Let 

𝑈𝑚 = {𝑣 ∈  𝑇𝑚𝑀: |𝑣| < 𝜌(
𝑣

|𝑣|
} = {𝑣 ∈ 𝑇𝑚𝑀: 𝜌(𝑣) > 1}, 

then 𝑈𝑚  is an open neighborhood of 0𝑚  in 𝑇𝑚𝑀 , with boundary 𝜕𝑈𝑚 , 𝐶𝑢𝑡(𝑚) =
𝑒𝑥𝑝𝑚(𝜕𝑈𝑚) is called the cut locus of 𝑚. 

Proposition 14. For any 𝑚 ∈  𝑀, we have 𝑀 = 𝑒𝑥𝑝(𝑈𝑚) ∪  𝐶𝑢𝑡(𝑚), where the union is 

disjoint.  

Definition 15. A Jacobi field along geodesic 𝑐 is a vector field along 𝑐 which satisfies the 

Jacobi's equation 𝑌′′ + 𝑅(𝑐′, 𝑌)𝑐′ = 0. 

Proposition 16. Let 𝑐: [𝑎, 𝑏] →  𝑀 be a geodesic, and 𝐻 be a variation of c such that all the 

curve 𝑐𝑡 are geodesics. Then 

𝑌(𝑠) =
𝜕

𝜕𝑡
𝐻(𝑠, 0) 

is a Jacobi field along 𝑐. Conversely, every Jacobi field can be obtained in that way. 

Corollary 17. Let 𝑚 be a point of (𝑀, 𝑔), and 𝑢, 𝑣 be two tangent vectors at 𝑚. Let c be the 

geodesic 𝑟 →  𝑒𝑥𝑝𝑚 𝑟𝑣, and 𝑌 be the Jacobi field along 𝑐 such that 𝑌(0) = 0 and 𝑌′(0) =
𝑢. Then 𝑌(𝑟) = 𝑒𝑥𝑝𝑚

∗ 𝑟𝑢.  
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 As an application of Proposition 16. Let us find normal Jacobi field such that 𝑌(0) = 0 

for a geodesic 𝑐 of (𝑆𝑛, 𝑐𝑎𝑛), on the sphere 𝑆𝑛. The geodesic from 𝑥 with initial speed 𝑣 

is given by 𝑐(𝑠) = 𝑐𝑜𝑠 𝑠 𝑥 + 𝑠𝑖𝑛 𝑠 𝑣. take 𝑢 in 𝑇𝑥𝑆𝑛 orthogonal to 𝑣 and with norm 1. The 

variation 

𝐻(𝑠, 𝑡) = 𝑐𝑜𝑠 𝑠 𝑥 + 𝑠𝑖𝑛 𝑠(𝑐𝑜𝑠 𝑡 𝑣 + 𝑠𝑖𝑛 𝑡 𝑢) 

is geodesic. Since the vector field along 𝑐 defined by 𝑈(𝑠) = 𝑢 is parallel, we see that the 

Jacobi field which associated with H is given by 𝑌(𝑠) = 𝑠𝑖𝑛 𝑠 𝑈(𝑠). The result can also be 

obtained by solve the jacobi equation. In fact let 𝑀 be a Riemannian manifold of constant 

sectional curvature 𝐾, and let 𝑐: [0, 𝑙] → 𝑀 be a unit speed geodesic on 𝑀. Further let 𝐽 be a 

Jacobi field along 𝑐, normal to 𝑐′. Since |𝑐′| = 1, it follows that 𝑅(𝑐′, 𝐽)𝑐′ = 𝐾𝐽. Indeed for 

all vector field 𝑇 along 𝑐 we have 〈𝑅(𝑐′, 𝐽)𝑐′, 𝑇〉 = 𝐾{〈𝑐′, 𝑐′〉〈𝐽, 𝑇〉 − 〈𝑐′, 𝑇〉〈𝐽, 𝑐′〉} = 𝐾〈𝐽, 𝑇〉. 
As a result, the Jacobi equation can be written as 𝐷2𝐽/𝑑𝑡2 + 𝐾𝐽 = 0. Let 𝑈(𝑡) be a unit 

parallel field along 𝑐 normal to 𝑐, then 𝐽(𝑡) = sin 𝑡√𝐾 /√𝐾𝑈(𝑡) if 𝐾 > 0 and 𝐽(𝑡) =
𝑡𝑈(𝑡) 𝑖𝑓 𝐾 = 0 is a solution of Jacobi equation with the initial condition 𝐽(0) = 0, 𝐽′(0) =
𝑈(0). 

 Due the following property, to compute the volume of a Riemannian manifold, we can 

express 𝑣𝑔 in an exponential chart. 

Lemma 18. For any 𝑚 ∈ 𝑀, the cut locus 𝐶𝑢𝑡𝑚 has measure zero. 

Proof. The cut locus is the image by 𝑒𝑥𝑝𝑣 of 𝜕𝑈𝑚. Since any ray from the origin in the 

tangent space meets 𝜕𝑈𝑚 once at most, 𝜕𝑈𝑚 has measure zero. Since 𝑒𝑥𝑝𝑚 is continuous 

and the result follows. 

  𝑀 can be decomposed into  

𝑀 = 𝑒𝑥𝑝𝑝(𝑈𝑚)⋃ 𝐶𝑢𝑡(𝑚), 

where the union is disjoint and 𝑒𝑥𝑝𝑝 𝑈𝑝 is the interior of cut locus Cut(p) whose measure is 

zero. Thus we can use exponential map to compute the volume (area if manifold has dimension 

two) of a manifold. Therefore 

𝑣𝑜𝑙(𝑀, 𝑔) = ∫
𝑈𝑚

𝑒𝑥𝑝𝑚
∗  𝑣𝑔. 

Now using corollary 17, we can commute 𝑒𝑥𝑝𝑚
∗  𝑣𝑔 via Jacobi fields. Take a geodesic 𝑐(𝑡) =

𝑒𝑥𝑝𝑚 𝑡𝑢, an orthonormal basis {𝑢, 𝑒2, … , 𝑒𝑛} of 𝑇𝑚𝑀, and the Jacobi field 𝑌𝑖 such that 

 𝑌𝑖(0) = 0 and  𝑌𝑖
′(0) = 𝑒𝑖. 

 Recall that 𝑒𝑥𝑝𝑚∗𝑢 = 𝑐′(𝑡) and 𝑒𝑥𝑝𝑚∗𝑒𝑖 =
1

𝑡
𝑌𝑖(𝑡). We have 

𝑒𝑥𝑝𝑚
∗  𝑉𝑔 = √𝑑𝑒𝑡(𝑔(𝑌𝑖(𝑡), 𝑌𝑗(𝑡))𝑑𝑡𝑑𝑢. 

 If 𝜌(𝑢) is the (possibly infinite) distance to the cut locus in the direction 𝑢, using Fubini's 

theorem we have 

 𝑣𝑜𝑙(𝑀, 𝑔) = ∫
𝑆𝑛−1 ∫ √det (𝑔(𝑌𝑖(𝑡), 𝑌𝑗(𝑡))𝑑𝑡𝑑𝑢.

𝜌(𝑢)

0
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  As an application of above equation, we shall compute the volume of (𝑆𝑛, 𝑐𝑎𝑛). Recall that 

the Jacobi field 𝑌𝑖(𝑡) = 𝑠𝑖𝑛 𝑡𝐸𝑖(𝑡) along the geodesic 𝑐 on 𝑆𝑛, where 𝐸𝑖  is the parallel 

vector field whose value at 0 is 𝑒𝑖. Then 

 𝑣𝑜𝑙(𝑀, 𝑐𝑎𝑛) = ∫
𝑆𝑛−1 ∫ 𝑠𝑖𝑛𝑛−1𝑡𝑑𝑢𝑑𝑡 = 𝑣𝑜𝑙(𝑆𝑛−1, 𝑐𝑎𝑛) ∫ 𝑠𝑖𝑛𝑛−1𝑡𝑑𝑡

𝜋

0

𝜋

0
. 

Using mathematical induction and the formula 

∫ 𝑠𝑖𝑛𝑛𝑡𝑑𝑡 = −
1

𝑛
𝑠𝑖𝑛𝑛−1𝑡𝑐𝑜𝑠𝑡 +

𝑛 − 1

𝑛
∫ 𝑠𝑖𝑛𝑛−2𝑡𝑑𝑡, 𝑛 ≥ 2, 

we recover the well known formulas 

  𝑣𝑜𝑙(𝑆2𝑛, 𝑐𝑎𝑛) =
(4𝜋)𝑛(𝑛−1)!

(2𝑛−1)!
, 𝑣𝑜𝑙(𝑆2𝑛+1,can)=2

𝜋𝑛+1

𝑛!
 . 

Let (𝑀, 𝑔) be two dimensional Riemannian manifold. The area of the geodesic disk 𝐷(𝑝, 𝑟) 

is given by 𝑎𝐷(𝑟) = ∫
�̃�(𝑝)

𝑒𝑥𝑝∗ 𝑣𝑔. We can use Jacobi fields to compute 𝑒𝑥𝑝∗ 𝑣𝑔. Take a 

geodesic 𝛾(𝑟) = 𝑒𝑥𝑝𝑝 𝑟𝑣 from 𝑝, an orthonormal basis {𝑣,  𝑒2} of 𝑇𝑝𝑀, and the Jacobi field 

𝐽 such that 𝐽(0) = 0 and 𝐽′(0) = 𝑒2. Let 𝐸 be parallel transport of 𝑒2 along the geodesic 

𝛾(𝑟). Write 𝐽(𝑟) = 𝑓(𝑟)𝐸  and plug into the Jacobi's equation  

𝐷

𝑑𝑟

𝐷𝐽

𝑑𝑟
+ 𝐾𝛾′(𝑟) ∧ 𝐽(𝑟) ∧ 𝛾′(𝑟) = 0 

The equation becomes 𝑓′′ + 𝐾(𝛾(𝑟))𝑓 = 0 with initial conditions 𝑓(0) = 0, 𝑓′(0) = 1. By 

Gauss Lemma, we have 𝑔(𝛾′(𝑟), 𝛾′(𝑟) = 1, 𝑔(𝛾′(𝑟), 𝐽) = 0,  and 𝑔(𝐽, 𝐽) = 𝑓2 .Hence 

𝑎𝐷(𝑝, 𝑟) = ∫
�̃�(𝑝)

𝑒𝑥𝑝∗𝑣𝑔𝑑𝑟𝑑𝜃 = ∫ ∫ 𝑓(𝑟)𝑑𝑟𝑑𝜃
𝑟

0

2𝜋

0
.  

 The following theorem is our tool to prove the main theorem, the theorem roughly states 

that the more curved space, the less area and Jacobi field. 

Theorem 19. Let 𝑀 be a complete two-dimensional manifold whose Gaussian curvature 𝐾 ≥
 𝑐 ≥ 0. Let 𝑝 ∈  𝑀, 𝑝 ∈  𝑆𝑐

2 and choose a linear isometry 𝐼: 𝑇𝑝𝑀 →  𝑇𝑝𝑆𝑐
2. Let 𝛾: [0, ∞) → 𝑀 

be a unit geodesic on 𝑀  defined by 𝛾(𝑟) = 𝑒𝑥𝑝cos 𝜃𝑒1+sin 𝜃𝑒2
(𝑟) , where {𝑒1, 𝑒2}  is an 

orthonormal basis of 𝑇𝑝𝑀 . Let �̃�: [0, ∞)  → 𝑆𝑐
2  be a unit geodesic on 𝑆𝑐

2 with 𝛾(0) =

 𝑝, �̃�′(0) = 𝐼(𝛾′(0)).  Let 𝑓  and 𝑓𝑐  be Jacobi fields satisfy Jacobi equation 𝑓′′ + 𝐾𝑓 =
0, 𝑓(0) = 0, 𝑓′(0) = 1; 𝑓𝑐

′′ + 𝑐𝑓𝑐 = 0, 𝑓𝑐(0) = 0, 𝑓′𝑐(0) = 1 respectively. Then 

 

(1) 𝑓(𝑟, 𝜃)/𝑓𝑐(𝑟) is nonincreasing and (𝑟, 𝜃) ≤  𝑓𝑐(𝑟) . 

(2) 𝑎𝐷(𝑝, 𝑟)/𝑎𝐷𝑐(𝑟) is nonincreasing. 

 

Proof. (1) (𝑓𝑐𝑓′ − 𝑓𝑓𝑐
′)′ = 𝑓𝑐𝑓′′ − 𝑓𝑓𝑐

′′ = 𝑓𝑐𝑓(𝑐 − 𝐾) ≤  0. Hence the function 𝑓𝑐𝑓′ − 𝑓𝑓′𝑐 

is nonincreasing. Since 𝑓𝑐𝑓′ − 𝑓𝑓𝑐
′ is zero at 𝑟 = 0, thus 𝑓𝑐𝑓′ − 𝑓𝑓𝑐

′ ≤  0. Hence  

(𝑓/𝑓𝑐)′ =
𝑓𝑐𝑓′ − 𝑓𝑐

′

𝑓𝑐
2

≤  0. 

Hence 𝑓/𝑓𝑐 is nonincreasing on (0, 𝜋/√𝑐]. This function is equal to 1 at 𝑟 = 0, since by 

L'Hôspital's rule, 

lim
𝑟→0

𝑓(𝑟, 𝜃)

𝑓𝑐(𝑟)
= lim

𝑟→0

𝑓′(𝑟, 𝜃)

𝑓𝑐
′(𝑟)

= 1 
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(2) The area form 𝑓(𝑟, 𝜃)𝑑𝑟𝑑𝜃 for (𝑀, 𝑔) is initially defined only on some star-shaped 

subset of 𝑇𝑝𝑀, we can extend 𝑓(𝑟, 𝜃) = 0 outside this set. The function 𝑓𝑐(𝑟) is defined on 

all of 𝑅2when 𝑐 = 0, but only on 𝐷(0,
𝜋

√𝑐
) for 𝑐 > 0. So we can define 𝑓𝑐(𝑡) =o utside 

𝐷(0,
𝜋

√𝑐
). Bonnet's theorem says that 𝑓(𝑟, 𝜃) = 0 outside 𝐷(0,

𝜋

√𝑐
). So we can just consider 

𝑡 < 𝜋/√𝑐. By Theorem 4 𝑓(𝑟, 𝜃)/𝑓𝑐(𝑟) is nonincreasing, The quotient 

∫ 𝑓(𝑟, 𝜃)𝑑𝜃
2𝜋

0

∫ 𝑓𝑐
2𝜋

0
(𝑟)𝑑𝜃

=
1

2𝜋
∫

𝑓(𝑟, 𝜃)

𝑓𝑐(𝑟)

2𝜋

0

𝑑𝜃 

is nonincreasing. Since  

𝑎𝐷(𝑝, 𝑅)

𝑎𝐷𝑐(𝑅)
=

∫ ∫ 𝑓(𝑟, 𝜃)𝑑𝑟𝑑𝜃
2𝜋

0

𝑅

0

∫ ∫ 𝑓𝑐(𝑟)
2𝜋

0

𝑅

0
𝑑𝑟𝑑𝜃

 

differentiation of this quotient with respect to 𝑅 yields 

𝑑

𝑑𝑅
(

𝑎𝐷(𝑝, 𝑅)

𝑎𝐷𝑐(𝑅)
)

=
(∫ 𝑓(𝑅, 𝜃)𝑑𝜃

2𝜋

0
) (∫ ∫ 𝑓𝑐(𝑟)𝑑𝑟𝑑𝜃

2𝜋

0

𝑅

0
)

(𝑎𝐷𝑐(𝑅))
2

−
(∫ 𝑓𝑐(𝑅)𝑑𝜃

2𝜋

0
) (∫ ∫ 𝑓(𝑟, 𝜃)𝑑𝑟𝑑𝜃

2𝜋

0

𝑅

0
)

(𝑎𝐷𝑐(𝑅))
2

= (𝑎𝐷𝑐)(𝑅)−2 ∫ [(∫ 𝑓(𝑅, 𝜃)𝑑𝜃
2𝜋

0

) (∫ 𝑓𝑐

2𝜋

0

(𝑟)𝑑𝜃)
𝑅

0

− (∫ 𝑓𝑐(𝑅)𝑑𝜃
2𝜋

0

) (∫ 𝑓(𝑟, 𝜃)𝑑𝜃
2𝜋

0

)] 𝑑𝑟 ≤ 0 

 

Thus  

𝑟 →
𝑎𝐷(𝑝, 𝑟)

𝑎𝐷𝑐(𝑟)
 

is nonincreasing. 

4. Proof of main theorem and its application 

Main Theorem. Let 𝑀 be a complete two dimensional Riemannian manifold with nonnegative 

Gaussian curvature. Then the number of the reduced words of length ≤ 𝑠 of any finitely 

generated subgroup of 𝜋1(𝑀) has an upper bound of polynomial of degree two. 

Proof. Let 𝜋: �̃� →  𝑀 be universal covering manifold with pull back matric. Then �̃� have 

nonnegative Gaussian curvature. Let Γ  be finite generated subgroup of 𝜋1(𝑀, 𝑝)  and 

{𝑔1, … , 𝑔𝑘} be its generator. Let 𝑝 ∈ �̃�. Since 𝜋 is a covering map, there is a 𝑟 > 0 such 

that disk 𝐷(𝑔𝑝, 𝑟) are pairwise disjoint for all 𝑔 ∈  𝜋1(𝑀). Let  

𝑑 =  max
𝑖∈{1,…k}

𝑑(𝑝, 𝑔𝑖𝑝). 

We want to compute the number of elements 𝑛(𝑠) of the set 

{𝑔 ∈ Γ: 𝑙(𝑔) ≤  𝑠}. 
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Since 𝑙(𝑔) ≤  𝑠, by triangle inequality, we have 𝑑(�̃�, 𝑔𝑝) ≤  𝑑𝑠. Hence 

⋃ 𝐷(𝑔𝑝, 𝑟)

{𝑔:𝑙(𝑔)≤ 𝑠}

⊂  𝐷( 𝑝, 𝑑𝑠 + 𝑟). 

Thus we have 

∑ 𝑎𝐷(𝑔𝑝, 𝑟)

{𝑔:𝑙(𝑔)≤ 𝑠}

≤  𝑎𝐷( �̃�, 𝑑𝑠 + 𝑟). 

Since 𝜋1(𝑀) acts isometrically on �̃�, we have 𝑎𝐷(𝑔𝑝, 𝑟) = 𝑎𝐷(𝑝, 𝑟). Thus  

𝑛(𝑠)𝑎𝐷(𝑝, 𝑟) ≤  𝑎𝐷(�̃�, 𝑑𝑠 + 𝑟). 

Hence  

𝑛(𝑠) ≤
𝑎𝐷(𝑝, 𝑑𝑠 + 𝑟)

𝑎𝐷(�̃�, 𝑟)
. 

By Therorm 19, we have 

𝑎𝐷(𝑝, 𝑟)

𝑎𝐷0(�̃�, 𝑟)
≤

𝑎𝐷(𝑝, 𝑑𝑠 + 𝑟)

𝑎𝐷0(�̃�, 𝑑𝑠 + 𝑟)
 

Thus 

𝑛(𝑠) ≤
𝑎𝐷0(�̃�, 𝑑𝑠 + 𝑟)

𝑎𝐷0(�̃�, 𝑟)
≤

∫ ∫ 𝑟𝑑𝑟𝑑𝜃
𝑑𝑠+𝑟

0

2𝜋

0

∫ ∫ 𝑟𝑑𝑟𝑑𝜃
𝑟

0

2𝜋

0

= (
𝑑𝑠 + 𝑟

𝑟
)

2

 

Hence 𝑛(𝑠) has an upper bound of polynomial of degree two. 

 We can use our main theorem to prove the following interesting corollary. 

Corollary. Torus with genius greater than 1  does not admit a Riemannian metric with 

nonegative Gaussian curvature. 

Proof. Let 𝐺  be a finitely generated of free subgroup of 𝜋1(𝑀)  . Let {𝑔1, … , 𝑔𝑘}  be 

generators of 𝐺. Let 𝜆(𝑠) be the number of elements of 𝐺 whose reduced word has length 𝑠. 

Then 𝑛(𝑠) = 𝑛(𝑠 − 1) + 𝜆(𝑠). A reduced word of length 𝑠 can be written as 𝑔𝑖1
𝑔𝑖2

…  𝑔𝑖𝑠
, 

where 𝑔𝑖𝑘
∈  {𝑔1, … , 𝑔𝑘}  and 𝑔𝑖𝑠−1

≠ 𝑔𝑠  hence 𝜆(𝑠) = (2𝑘 − 1)𝜆(𝑠 − 1) . Hence 𝑛(𝑠) 

satisfies the recurrence relation 

𝑛(𝑠) = 2𝑘𝑛(𝑠 − 1) − (2𝑘 − 1)𝑛(𝑠 − 2), 

with initial conditions 𝑛(𝑠) = 1 and 𝑛(1) = 2𝑘 + 1.To solve the relation, let 𝑛(𝑠) = 𝛼𝑠 and 

pulg into the relation. We have 𝛼𝑠 = 2𝑘𝛼𝑠−1 − (2𝑘 − 1)𝛼𝑠−2. Thus 𝛼 is the root of the 

equation 𝛼2 − 2𝑘𝛼 + (2𝑘 − 1) = 0 . Hence 𝛼 = 1 𝑜𝑟 2k-1. Let 𝑛(𝑠) = 𝑐1(2𝑘 − 2)𝑠 + 𝑐2 . 

Using the initial condition, we finally get 

𝑛(𝑠) =
𝑘(2𝑘 − 1)𝑠 − 1

𝑘 − 1
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Since 𝑛(𝑠) is an exponential function which is not an polynomial function, by main theorem, 

the manifold does not admit a metric with nonnegative Gaussian curvature. 
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